Abstract. Let {a, b} and {c, d} be two pairs of bounding simple closed curves on an oriented surface which intersect nontrivialy. We prove that if these pairs are invariant under the action of an orientation reversing involution, then the corresponding bounding pair maps generate a free group. This supports the conjecture stated by C. Leininger and D. Margalit that any pair of elements of the Torelli group either commute or generate a free group.
Introduction
Let M(S g ) be the mapping class group of a closed oriented surface S g of genus g, that is the group of isotopy classes of orientation preserving diffeomorphisms of S g . If we include isotopy classes of orientation reversing maps, we obtain the so-called extended mapping class group M ± (S g ). The mapping class group acts on H 1 (S g ; Z) and the kernel of this action I(S g ) is called the Torelli subgroup of M(S g ). The Torelli subgroup plays an important role in a study of mapping class group -see for example Chapter 8 of [1] and references there.
The Torelli group is generated by two types of elements: by Dehn twists t a about separating simple closed curves, and by bounding pair maps, which are defined as products of Dehn twists t a t −1 b about disjoint and homologous simple closed curves [7] . This generating set can be further simplified, for example it is known [4] that if g ≥ 3, then I(S g ) is generated by a finite number of bounding pair maps.
As for relations, much less is known. For example, the only relations we know between two elements of I(S g ) are obvious commutativity relations. Hence C. Leininger and D. Margalit conjectured [5] that any pair of elements of the Torelli group either commute or generate a free group. In fact, they showed in [5] that the pure braid group has such property. It is known [3] that the Leininger-Margalit conjecture is true for Dehn twists about separating simple closed curves, so the next natural question is if the conjecture is true for bounding pair maps. The goal of this paper is to show that there is a large class of bounding pair maps which support the Leininger-Margalit conjecture -see Theorem 2.3.
Symmetric bounding pairs
Following [6] , we say that simple closed curve a in S g is essential if it does not bound a disk. We say that M is an essential subsurface of S g if M is a closed connected subsurface of S g and each component of ∂M is essential in S g . We say that {a, b} is a bounding pair in S g , if a and b are two disjoint, homologous, and nonisotopic simple closed curves in S g . We say that {a, b} is a bounding pair in an essential subsurface M ⊂ S g , if {a, b} is a bounding pair in S g and a, b are contained in the interior of M . Observe that S g admits bounding pairs only if g > 2.
Let σ : M → M be an orientation reversing involution of an essential subsurface M ⊂ S g , and assume that {a, b} is bounding pair in M . If σ(a) = b, then we say that (σ, M ) is a symmetry of the bounding pair {a, b}. We say that two bounding pairs {a, b} and {c, d} are symmetric, if they have a common symmetry (σ, M ). Moreover, by the classical results of Harnack [2] and Weichold [9] , we know the full topological classification of such orientation reversing involutions (symmetries) of M a,b . If M a,b has genus h, then there are h+1 2 symmetries for which the complement M a,b \ Fix(σ) of the set Fix(σ) of fixed points of σ is disconnected (so-called separating symmetries), and h + 1 symmetries for which M a,b \ Fix(σ) is connected (so-called nonseparating symmetries). In order to explain their geometric interpretation, assume that M a,b is embedded in R 3 in a symmetric manner as shown in Figure 1 . In this figure, separating symmetries σ h , σ h−2 , . . . are symmetries across the vertical plane containing the points {A, B, C}. If a 0 , a 1 , . . . , a h are simple closed curves as in Figure 1 , then the nonseparating symmetries can be defined as
It is straightforward to check that Fix(τ i ) consists of i circles: {a 0 , a 1 , . . . , a i−1 }. Observe also that the orbit space M a,b / σ is orientable if and only if σ is separating.
If {a, b} and {c, d} are symmetric bounding pairs in S g , then we define their intersection number as I({a, b}, {c, d}) = I(a, c) + I(b, c), where on the right hand side we have the usual geometric intersection number of simple closed curves. If I({a, b}, {c, d}) = 0 then the corresponding boundary pair maps t a t the case I({a, b}, {c, d}) > 0. Observe that since a and b bound a subsurface of S g , I({a, b}, {c, d}) is always even.
Example 2.2. Using the analysis made in Example 2.1 it is straightforward to construct interesting examples of symmetric bounding pairs {a, b} and {c, d}. For example Figure 2 shows how to construct a symmetric pair of bounding pairs {a, b} and {c, d} such that I({a, b}, {c, d}) = 4. The symmetry we use Moreover, if e is a simple closed curve indicated in this figure and n > 0, then, by the well know formula [3] for the geometric intersection number, we have I(t n e (c), a) ≥ nI(e, c)I(e, a) − I(c, a) = 4n − 2. Hence we can construct symmetric bounding pairs {a, b}, {t n e (c), t −n σ(e) (d)} with arbitrary large intersection number I({a, b}, {t n e (c), t −n σ(e) (d)}). Observe also that our definition of a bounding pair {a, b} implies that both M a,b and S g \ M a,b has genus at least 1, hence the above construction can be applied to any arbitrary chosen bounding pair {a, b}. Now we are ready to state the main theorem of the paper. We now argue that π σ (a) and π σ (c) are in a minimal position with respect to the intersection number. Suppose to the contrary that there is a disk ∆ bounded by two arcs p, q of π σ (a) and π σ (c) respectively. By taking the inner most such disk we can assume that there are no intersection points of π σ (a) and π σ (c) between the endpoints P, Q of p and q. Let ∆ be a lift of ∆ with respect to π σ such that the lift p of p is an arc of a, and let q be the corresponding lift of q. There are 3 possible cases: either q connects two intersection points of a ∩ c, or q connects two intersection points of a ∩ d, or else q connects intersection points of a ∩ c and b ∩ c. In the first two cases we get a contradiction with the assumption that c and d are in a minimal position with a and b, and the third case (see Figure 3 ) would imply that p∪q is an one-sided circle (since σ is orientation reversing). Hence we proved 
